Abstract. In this paper we give an alternative proof of Fournier-Willem's Mountain Circle Theorem. Our proof, which is simpler than the original one proposed by these authors, is based on a Lusternik-Schnirelman-type theory and some results of elementary Brouwer degree theory.
Introduction
The Mountain Circle Theorem has interesting applications to the theory of ordinary differential equations in dynamics (see, for example, Fournier and Willem [10] ). The purpose of this note is to give an elementary proof of that theorem due to Fournier and Willem [10] . As the name suggests, this theorem is similar to the well-known Mountain Pass Theorem by Ambrosetti and Rabinowitz, but, under slightly different hypotheses, the result by Fournier and Willem asserts the existence of at least two critical points (instead of one) of a C 1 functional. The main tool used by Fournier and Willem in their proof is a Lusternik-Schnirelman type theory, which they introduce in [7, 8, 10] , together with some advanced techniques of cohomology theory (see [10] ).
In the present paper, to prove the Mountain Circle Theorem we still use the Lusternik-Schnirelman-type theory introduced by Fournier and Willem but, instead of cohomology, we use some elementary results of Brouwer degree theory.
We wish to thank Prof. M. Furi for a stimulating conversation on the subject of this note.
992
S. Comparato 
Lusternik-Schnirelman category
In this section, X will be a topological space. Definition 2.1. A subset A of X is said to be contractible in X if there exist a point x 0 ∈ X and a homotopy h :
Obviously, each subset of a contractible set is contractible.
We recall that a subset A of X is said to have category n in X if n is the least positive integer such that A can be covered by n closed sets which are contractible in X. If A cannot be covered by a finite number of such sets, then by definition A has category +∞, while the category of the empty set is always set to be 0. The category of A in X is denoted by cat X (A).
The following proposition shows some easy consequences of the definition of Lusternik-Schnirelman category. 
If A is closed and h
Obviously, the category of a set A depends on the space in which A is considered, as the following example shows. The next proposition shows the continuity property of the category on compact subsets of metric absolute neighborhood retracts. In the following U denotes the closure of U . 
Fournier-Willem relative categories
In this section we will introduce two relative categories due to Fournier and Willem [7, 10] , which generalize the Lusternik-Schnirelman category and are used to estimate the number of critical points of a C 1 functional. Relative categories play an important role in the proof of Fournier-Willem's Mountain Circle Theorem.
In the following, X will be a topological space and Y ⊂ X a closed subset.
Definition 3.1 (Fournier and Willem [7, 10] [7, 10] ). A subset A of X is said to be touch and stop deformable into a subset
Definition 3.4 (Fournier and Willem [7, 10] ). A subset A of X is said to have strong category n in X relative to Y (or to be of the n-th strong category in X relative to Y ) if n is the least non-negative integer such that A ⊆ The next proposition will be used in the proof of the Mountain Circle Theorem. In the papers by Fournier and Willem it is proved by using cohomology theory. In the present paper, we will give a simpler proof based on Brouwer degree theory.
Before giving the result, we introduce some notation. Namely, given ρ > 0, we will denote by B(0, ρ) ⊂ R n the open ball of radius ρ centered at the origin in R n and by B(0, ρ) its closure.
The following easy consequence of finite-dimensional degree theory is crucial in the proof of Proposition 3.1 below. 
Obviously, U ε contains 0 and ∂U ε ⊂ A 1 . By Lemma 3.1, ∂U ε is not contractible in R n \ {0}, so a fortiori it is not contractible in X \ Y . As A 1 is a superset of ∂U ε , it is not contractible in X \ Y , and this is a contradiction
The following example shows that we may have cat X,Y (A) < Cat X,Y (A). The next proposition shows some of the main properties of relative categories, which are generalizations of those of the Lusternik-Schnirelman category. In the following, we will assume that A and B are closed in X. The next result shows the behavior of relative categories in relation to supersets and retractions. 
Moreover, in each of these properties it is possible to replace cat by Cat.
The next proposition holds for cat, but not for Cat. 
In the following property it is not possible to replace Cat by cat. 
for any subset V of the interior of Y and any closed set F such that X = F ∪Y . Now we give a proposition which is valid for Cat but not for cat. 
Now, let us give a critical point result by Fournier and Willem, based on the strong relative category, which will be used to prove the Mountain Circle Theorem. First, we recall the Palais-Smale condition. 
The Mountain Circle Theorem
We are now ready to prove the Mountain Circle Theorem. In the following, X will be a Banach space and f ∈ C 1 (M, R) a functional. By Proposition 3.1 we have Cat A,∂A (A) = 2, so the result is proved. If r 1 = 0, by applying Remark 3.1 we get also the result
